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Abstract: We study the thermal expectation value of the following observeable at finite tem- 
perature T and chemical potential /i : < £i2£<34---£d-3,d-2'Pd-i > where £y denote the angular 
momenta, and Vi denotes the spatial momentum in d spacetime dimensions with d even. We call 
this observeable the thermal helicity. Using a variety of arguments, we motivate the surprising 
assertion that thermal helicity per unit volume is a polynomial in T and fi. Further, in field theo- 
ries without chiral gravitino, we conjecture that this polynomial can be derived from the anomaly 
polynomial of the theory. We show that this conjecture is related to the recent conjecture on grav- 
itational anomaly induced transport made in arXiv:1201.2812 . We support these statements by 
various sphere partition function computations in free theories. 
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1. Introduction 

Since their discovery, anomalies have played a crucial role in our understanding of quantum field 
theories (QFTs). Their robustness beyond perturbation theory makes them among the few pow- 
erful tools we have in understanding strongly interacting non-supersymmetric QFTs (or for that 
matter, non-supersymmetric observeables in supersymmetric QFTs). This is especially true if one 
is interested in finite temperature/density behaviour in a strongly coupled theory. 

Over the last few years, aided by various thermal field theory computations [[[J |[ [| [| ||, 0J7, 
, |, 0, |ll|, H [jj, H H, AdS/CFTjlJl 0, HI, H, ||], and general hydrodynamic argumentsfy 



|2§ m> n n n n sis m much 

progress has been made in our understanding of 
anomaly induced transport processes. All these studies have focused on a specific set of transport 
coefficients which could be exactly computed by linking them to the underlying anomalies of the 
theory. In contrast, very little progress has been made in understanding how anomalies control the 
behaviour of a system far from equilibrium. One of the primary obstacles has been that, apriori, we 
have very little intuition about what constitutes a suitable set of non-equilibrium observeables that 
are linked to anomalies. To answer this question, it is necessary to extend, and recast these results 
in terms of observeables whose definition do not depend crucially on assumptions about thermal 
equilibrium. 

In this paper, we will take a first step in this direction by linking anomaly induced transport 
to a convenient observeable (namely thermal helicity) which can in principle be extended to non- 
equilibrium states. In the rest of this introduction, we will define this observeable, followed by a 
summary of various results that constitute the bulk of this paper. 
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We will begin with a very simple question about the thermal state in a quantum field theory. 
Take a quantum field theory living in an even dimensional flat spacetime JR 2 " -1 ' 1 . We will assume 
Poincare invariance. To be specific, let us put a cartesian coordinate system ( 
and take the metric signature to be ( — h + . . .+). 

Let us now consider a thermal state in this theory defined by a temperature T and chemical 
potential(s) /j. for conserved charges. This thermal state, by definition, breaks Lorentz invariance, 
since it involves the choice of a rest frame ( the thermal state is thermal with respect to the Hamilto- 
nian in that frame ). We will assume that this thermal state does not break rotational/translational 
invariance in its rest frame. This means in particular that the angular-momentum of the thermal 
state is zero. 

Let us be more explicit : let £2fc-i,2fc denote the angular momentum in the (x 2k ~ 1 , x 2k ) plane. 
Since k = 1, . . . , (n — 1) in R 2 ™ -1,1 we have n — 1 such mutually commuting angular momenta. So 
the above statement can be written in the form 

(£2fc-l,2/c) = 

where we have introduced the notation (. . .) to denote the expectation value in the thermal state. 
Similarly, rotational/translational invariance means that the spatial momentum V of the thermal 
state is zero 

(P)=Q 

Of course none of these symmetries forbid the thermal state from having an expectation value for 
say the momentum squared - we can easily have (V 2 ) ^ in the thermal state. A more interesting 
observeable is what we will call the helicity 

n-l \ V 

\ { £<2k-l,2k ) V2n-\ ) = (-Cl2-C34 ■ ■ ■ -C2n-3,2n-2'P2)i-l) 
fc=l / / 

The helicity of a thermal state is an interesting observeable for various reasons - one obvious 
reason is that if the thermal state is parity invariant then the helicity is just zero. Hence, thermal 
helicity is an interesting measure of how much the thermal state breaks parity. But as we will 
see in the course of this paper, this is an interesting observeable because it seems closely linked to 
anomalies in the underlying quantum theory. This statement is not at all obvious apriori, but we 
will marshall evidences of various kind to show that this is indeed true. 

Our main aim in this paper is to answer some of the basic questions about the helicity of 
the thermal state - Is it finite ? Is it non-zero ? When is it non-zero ? What are various ways 
of computing the thermal helicity ? What are the consequences of having a thermal state with 
non-zero helicity ? We will answer these questions in the following sections one by one. 

In §^| we begin by exploring a very useful way to compute thermal helicity from the thermal 
partition function on S 2n ^ 1 x M. The essential idea is simple - define a thermal partition function 
on the sphere with chemical potentials turned on for the angular momenta on the sphere. While 
this would be an infrared divergent thing to do in flat spacetime 1 , the sphere provides a natural 
infrared regulator. More explicitly, let L a with a = 1, . . . ,n be the mutually commuting angular 
momenta on S" 2 ™ -1 . We are interested in a partition function of the form 

Z[n] ee Tr 5 2„-i xK Exp 



X A rigid rotation in flat spacetime breaks down at large radius away from the centre since the velocities involved 
eventually exceed the rclativistic limit. We will refer the reader to fl] for a more detailed discussion of this issue. 




(h - -e:=i^) 



(1.1) 



- 2 - 



As we will carefully argue in §|| the flat space thermal helicity per unit spatial volume can be 
obtained from the above partition function by taking the following limit 



I 

(£l2<£34 ■ • • -C2ri-3,2n-2"P2n-l) 



Vol 2 „-i 

lim 



_R->oo i?V 2 r, 

where 




(1.2) 



0=0 



?7r n 

W p2n-l 
V2r»-1 = 7 TT7 

[n— 1)1 

is the volume of a sphere 5* 2n_1 with radius R. We will find it convenient to write this formula in 
terms of a function 



it— VOO 



\a=l 

so that we can write the thermal helicity per unit volume as 
1 



(1.3) 



0=0 



(£ 12 £ 34 • • .£2n-3,2„- 2 P 2 „-i) = -(n - l)!(2T)"" 1 5:„ om [T,M] (1.4) 

VOl2n-l 

In the next section§^|, we consider a simple example of a 2d-CFT in the Cardy regime and compute 
its thermal helicity using Cardy formula. This will allow us to draw various conclusions about a 
large class of 2d-systems which we later generalise to higher dimensions. 

In the next section^, we turn to the physical interpretation of the function fianom [T, fi] . By 
evaluating the partition function for a generic theory at the hydrodynamic limit, we will conclude 
that danom P\ lA ^ s closely linked to the chiral vortical effect and various other transport closely 
linked to anomalies. In particular, it is exactly the polynomial in (T, fi) introduced in [ p3| , ^ 
to describe anomaly induced transport in arbitrary dimensions (see also j24j] on this regard). In 
particular (1.4) provides a simple way of computing the anomaly induced transport coefficients. We 
proceed in the subsequent sections to use this statement to compute these tranport coefficients in 
a wide variety of systems. 

In section §|^ we begin with a theory of free Weyl fermions in arbitrary dimensions where 
the transport coefficients were already computed by the authors of § by invoking adiabaticity 
arguments. We give a microscopic derivation of their result which can be formulated in terms of a 
remarkable relation between 5 r "„ om [T, fj\ and the anomaly polynomial V an om [F, 91] of these theories 

SlomP>] = v anom [f 1 ^ m,pi(£R) ^ -T 2 , Pk>1 (m) ^ 0] (1.5) 

where the right hand side gives a replacement rule where we replace various variables appearing in 
T-'anom by temperature/chemical potential to get danom- This then gives a very interesting formula 
for the thermal helicity 

"(£l2£34 • ■ • £2 n— 3,2n— 2^2 71—1/ 



Vol 2 „-i (1.6) 
= -(n - l)!(2T)"- 1 7' a , iom [F ^ fi, Pl (m) ^ -T 2 , Pk>1 (D\) ^ 0] 

This shows that 

1. Thermal helicity is a polynomial in T and \i. 

2. The numerical coefficients appearing in this polynomial are closely linked to underlying 
anomalies in the theory. 
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In section §^ we turn to a free theory of chiral p-form bosons in arbitrary dimensions whose anomaly 
induced transport coefficients are computed for the first time. Remarkably enough, we find that 



the results in equations (1.5) and (1.6) continue to hold. In particular it follows that eqn^lij) gives 
the thermal helicity of an arbitrary free field theory without gravitini. 

In section §^ we then turn to the case of free chiral gravitini and their thermal helicity. We 
provide both a microscopic derivation and a thermodynamic adiabaticity argument to conclude 
that the addition of gravitini spoils the relation between thermal helicity/ anomalies of the form 



(1.5) and (L6) (though at zero temperatures, the relation continues to hold). We do not have an 
intuitive explanation of this result - but it does suggest that the relation between finite temperature 

rai35i 



corrections in (1.5) and (1.6) and the gravitational anomalies (suggested in 4d by |34|, |T^, |35], |36[ ) 
is at a quantitatively different status to the zero temperature relation between the anomaly induced 
transport and C/(l)" +1 anomalies ||| |§. 

We then turn to the next simple class of theories - CFTs with gravity duals. Given the relation 
between the chiral vortical coefficient and the thermal helicity, one can directly compute the thermal 
helicity of a Blackhole using the existing computations of chiral vortical coefficient for various 
blackholes. Since all known computations in AdS/CFT satisfy (l.E) and ( |l.6| ), it leads to the 
natural conjecture that these relations are valid in any field theory with without gravity/gravitini 
(or other higher spin fields). We conclude with discussion about further directions in §[8| This is 
followed by various technical appendices. 



2. Sphere Partition function and Thermal Helicity 

In this section we are interested in exploring the relation between the thermal helicity of a system 
and its partition function on a sphere. To this end we begin by setting up some notation. The next 
two subsections are relatively straightforward and the reader is encouraged to skim through it for 
the basic definitions. 

2.1 Basic notation for S 2n ~ x 

Consider an even-dimensional flat euclidean space R 2 ™ with cartesian co-ordinates {x 1 , . . . ,x 2n }. 
Alternately, we can work with the cylindrical co-ordinate systems given by (for a = 1,2, ... ,n) 



x 2a 1 = r a cos (j> a , 



where 



r a > and <p a € [0, 2tt) 



(2.1) 



(2.2) 



By fixing Y^l=i r a = R 2 or equivalently fixing r„ = <J R 2 — Y^7=i r \ one obtains the odd- 
dimensional sphere S* 2 " -1 embedded within the Euclidean space. The metric on the resultant 
S 2n ~ 1 is given by 



Cff)*»-i=£[dr2 + rM] 



a=l 

n-1 



»>i=i 



(2.3) 



We can invert this metric to get 



9 S 2 



n—1 n 1 



(2.4) 
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n-l 



fc=l 



The volume form on the sphere is 

<N = Rd<f> n A J^J Tkdrk A 
so that the total volume is given by 

V 2 „-i = / rfV = (27ri?) ff 



2nR 2 _ 2TT n R 2n - 1 

L1 2n- 2k ~ (n-1)! 

fe=i 



Consider a 1-form on S 2n 1 of the form 



n-l 



(2.5) 



(2.6) 



(2.7) 



o=l 



then its divergence is given by 

n-l 



n-l 



lAc t/ ^_iLv^ t/ , \ - 1 d*^. 



(2.8) 



a=l 



We want to now study the flat limit where S" 2 ™ -1 becomes R 2 ™ -1 . To do this, we begin by 
defining z 2n _ 1 = R<p n . Then for a fixed {r,, (pi, z 2n _ 1 } where i = 1, . . . , n — 1 we take the limit 
i? — > oo. In this limit we have r„ w i? — »■ oo and all the expressions above smoothly go to their 
flat-space counterparts. For example, if 



n-l 



V = J2 Wndn + Vfrtyi] + V 2n -idz 2n _ 1 

i=l 

then its divergence is given by 

n-l 



n dn 



Note the relation between the components 



r 2 dfr 



+ 



2n-l 



dz 2n _, 



(2.9) 



(2-10) 



V<t>n = -^2n-l 

In the next subsection, we will take up the Killing symmetries of the sphere and ask how they 
behave in this flat space limit. 

2.2 The Killing vectors of S 2 ™ 1 and the fiat space limit 

The Killing vectors of S 2n ~ Y generate a so(2n) algebra. To get an explicit expression, we begin 
with the so(2n) Killing vectors of the embedding space R 2 " which we write as 



V ab = e i ^ a+ ^ 



A _ A 

2 V a dr h dr a 

A _ A 
2 V 9r b n dr a 



- 2 r a r h 



Id Id 

- + o TTT" 



r l d( t>a ' r\ 0(p b 

Id Id 

a 

b 



rl d(j> a r 2 d(f> b 



(2.11) 



These obey 



-u° and X> ab 



(2.12) 
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The so(2n) commutation relations are 



[ug,uS] = 5Su3-ax, K b ,» cd ]=s [ ;4] 
K , cd ] = 5t* ad + , [ug , K d ] = -m d - m b 



(2.13) 



It is evident from the commutation relations above that ug generate a tt(n) sub-algebra of so(2n). 
A cartan sub-algebra is generated by the mutually commuting Killing vectors 



d 



u„ = -i- 



To get the Killing vectors of S 2n 1 , we need to do the replacements 



so that we get 



»=i 



n n— 1 ,-, 

■ _ ___ 



<9r. 



(2.14) 



2 



n— 1 ✓ 

£ fa 



9 i 9 .n 8 



dri 



r 2 J drj r 



d id n d 

i — 77 TTI — 



In the flat limit R — » oo with a fixed {r,, <fo, ^ 2n _ 1 } , we get 



u" = i? 



9 i 9 iri d 
dri n 84>i R dz 2n _ 
d id in d 



dri n d(j)i R dz 2n _ 1 



+ 5<"> 
+ 5<"> 



8z 



(2.15) 



(2.16) 



which can be rearranged into 



ul l = R 



—%4>i 


' d 


i 




8n 


n 


' d 


i 


d ' 


dri 


n 


d(f>i_ 



ir t e 



dz n . , R y ' 



dz„ 



(2.17) 



These together with u*- and y form the generators of iso(2n — 1). Hence, we conclude that in 

the flat space limit, the so(2n) Killing algebra of S 12 ™ -1 degenates to iso(2n — 1) Killing algebra of 
-l 
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2.3 Thermal Helicity and Sphere Partition function 

As advertised in the introduction, we are now ready to define a thermal partition function on the 
sphere with chemical potentials turned on for the angular momenta on the sphere. Consider a QFT 
on S 2n ~ x x K - let L a with a = 1, . . . ,n be the mutually commuting angular momenta on 
These are the Noether charges associated with the Cartan Killing symmetries 
We arc interested in a partition function of the form 



Z[tt] =Tr S 2„- lxR Exp 



(2.18) 



This partition function can essentially thought of as a generating function for evaluating various 
angular momentum observeables in the thermal state. In particular, using standard methods, it 
follows that 



(L1L2 . . . in) connected 



d 



\a=l 



(2.19) 



2=0 



where the differentiation is done at constant T and /U. The subscript 'connected' refers to the fact 
that all the disconnected pieces have been subtracted from the expectation value. 

As a next step, let us carefully take the flat space limit of the above expression via the pre- 
scriptions of the previous subsections. As the flat space limit is taken, we get 



L k i-» Cik-\,ik for k = 1, . . . , n - 1. 

L n 1 Y RP2n-l 



(2.20) 



This gives the first main result of this paper 
1 



Vol 



2n-l 



(£l 2 £34 • • • £2 n — 3, 2n— 2 7^2n — l) connected 



lim — — 



\a=l 



(2.21) 



where 



V2n-i = 



27T T 



2n-l 



(n- 1)! 

is the volume of a sphere S 2 "^ 1 with radius R. As mentioned in the introduction we will find it 
convenient to write this formula in terms of a function 



lim 

R— ¥00 



n- 

11 9-n-i 



d 



2irR 2 dn a 



-TlnZ[fl}} 



0=0 



so that we can write the thermal helicity per unit volume as 



Vol 2 „- 



-(£l 2 £ 3 4 • • .£2n-3,2n-2P 2 n-l) = ~(« ~ 1) ' (2T)"- Xnom F, 



(2.22) 



(2.23) 



where we have removed the subscript 'connected' since all the disconnected pieces automatically 
vanish due to the assumed rotational invariance of the flat space thermal state. 



3. A toy example : 2d CFT at Cardy Regime 

Before going on to more general examples, we will take a particularly simple example of a 2d CFT 
heated to a finite temperature/chemical potential. In 2d, the thermal 'helicity' is actually just the 
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momentum of the thermal state (V). This can be calculated using various methods - but we will 
adopt the method of looking at sphere partition functions that can be easily generalised to higher 
dimensions. Our discussion in this section is standard and elementary - our primary aim being to 
phrase the well-known results in a specific form so that the reader can follow the more involved 
discussion in higher-dimensions. 

Consider then a 2d CFT with a U(1)l X U(1)r global symmetry placed on a circle of radius 
R. We will eventually be interested in the flat space limit where the circle radius R is taken to be 
very large keeping T, fiL,R fixed. Since we are in a CFT this is same as taking the non-dimensional 
quantity RT to be very large keeping ^l,r/T fixed. 

The partition function on the cylinder is given by 



Z[Q] = Tr s i Exp 



(H - HlQl - HrQr - OL) 



T 



Tr y J °q L °~~A y Ja q L °~^& 



(3.1) 



where we use the standard 2d CFT conventions 2 



24 
Jo 

Tr 



\{HR-L) 

Ql , Jo = Qr 
T 



U-f^\ { HR + L) 



l + RVL 



J2-KIT 



T, 



T 



n 



1 - Ril 



1 



<1 

q = e 



e = e 

2-xif 



TR = g T L R 
1-RZl L 



TR. 



'R' 



(3.2) 



2ttRT 2ttRT l 
.(1 - RQ) _ i 



2-kRT 



2nRT R 

y = e - 2mij = 



Here H,L,Ql,r are the Hamiltonian(energy), angular momentum and left/right charge op- 
erators respectively while T,VL, \il,r are the temperature, angular velocity and left/right chemical 
potentials respectively. Lq, Lq are the zero- mode Virasoro generators while Jo, Jo are the zero-mode 
Kac-Moody generators. The rest of the definitions for the various chiral/anti-chiral fugacities are 
standard. 

To evaluate this partition function and the thermal helicity per unit volume we can work in the 
Cardy limit. Begin with the Cardy formula for the entropy 



S«4tt 



- ((Lo) "24~4fcZ (J( 




1 



(Jo) 



CR 



1 



(Jo) 



(3.3) 



24 V 1 24 Ak R 

where Ct, r are the central charges and kr, R are the Kac-Moody levels of the CFT under question. 

2 See for example J37| with following conversion rules : 

(g)Kraus = 2Ql , (fe)Kraus = and (^Kraus = - 

with similar rules for the right sector. 
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Using the first law 



dS = ±d(H) ^d(L) ^d(Q L ) ^d(Q B ) 
= ^d(L Q ) + ^d(L ) ^d(J a ) - tfd(Jo) 
we can express all the thermodynamic quatities in terms of the intensive variables 
S = 4tt 

L24 " 



C ^(2nRT L ) + ^(2nRT R ) 



2nR 



1 - i? 2 2 



24 



(Jo) = (Ql) = 2k L[ i L R 
(Jo) = (Q R ) = 2k Rm R 



(L ) - g = (2nRT L ) 2 
(Lo) g = (2^T«) 2 



-(4ttT) 

r 

Tr 
T 



+ 



2irR 2 n 

i - R 2 n 2 

2-kR 



i - R 2 n 2 

2ttR 
1 - i? 2 fF 

2" 



24 

m 



24 



V2ttT/ 



cr , / Mk V 
24 + ^ I^tJ 



MS) 



2ttR 
l + Rtl 

2-kR 
1 - 



(4ttT) 



2ttR 2 Q 
1 - i? 2 ^ 2 
2-kR 2 VL 
1 - i? 2 fi 2 



2A-, 



(i) 



+ 



MS) 



(if) = R(2nT L ) 2 
2ttR 



24 + fci J 



+ R(2ttT r ) 2 



Cr 
24 



+ 



24 T +fcL fc) 



2ttT/ 



1 - i? 2 2 



1 - i? 2 fi 2 



+ 



2TrR 2 n 
1 - i? 2 fi 2 



1 - i? 2 ^ 2 



(L) = -(2ttRT l ) 2 
2ttR 



2tt 
2tt 

2' 



24 



(£)' 



(£)' 



24 



i - R 2 n 2 



cl 

2i? 2 f7 



+ (2ttRT r ) 2 



i - i? 2 ^ 2 



2tt 



24 ' \ 2ttTJ 
c R + c Lrr2 | u _ f^R\ 2 



24 



2tt/ 



+ 



ft" 1 +i? 2 



1 - i? 2 ^ 2 



2nR 2 n 
1 - i? 2 ft 2 



2tt 



^ 



(3.4) 



(3.5) 



Without much ado we can now directly compute the momentum density in the flat space 
thermal state. We do this by taking the angular momentum density on the cylinder at zero angular 
velocity divide by radius and then take radius to infinity : we get 



— (V) = lim 

Vol R^oo 



1 



-(L) 



= 2tt 



24 



/Ml 
\2tt 



2tt) 



(3.6) 



This is the expression for the thermal helicity of a 2d CFT that we were after. 
Compare this against the anomaly polynomial of this 2d CFT 



'Panom 9i] 2lT 



Fr 



2tt 



k R he -fci hr 1 -Pi 



2tt 



,C r- C L 

24 



(3.7) 



where the l st -Pontryagin class denoted by p 1 (91) which is a 4-form defined via 

1 



2(2tt) 



; m a b Am b a 
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where 9\ a b represents the curvature 2-forms. Comparing these expressions, we get a remarkable 
replacement rule for the thermal helicity (momentum) per unit volume (length) of a 2d CFT 



^(P) = ~VanorA.FR H> ^R,F L ^ fiz.p^JR) ~T 2 } 



(3.8) 



While we are essentially done, for comparison with later sections let us rederive this result 
in terms of the partition function of the cylinder. The cylider partition function at large R is 
dominated by the thermal state and hence can be approximated in terms of the thermodynamic 
quantities 



]nZ[n] w s 



After subtituting for these quatities using (|3.5|), we get 



(H - hlQl - HrQr - SIL) 
T 



(3.9) 



\xxZ[Q] = {2irR)2ir 



c 4^+ c 4^+ k R T R (m 2 + k L r L (m 



24 24 H H \2nTJ 



1 
T 



2nR 



1 - R 2 n 2 

2ttR 2 VL 



2n 

2tt 



CR + C L ^ 

24 

CR - C L t2 



24 



1 - R 2 n 2 

We can now calculate the function #j 
equation (1.4) before) and the anomaly polynomial 

■Sanom = J™ 
R— >oo 



*■(£)' 



\2ttTJ 

2 

\2nJ 



(3-11) 



and relate it to the thermal helicity (as deduced in 
1 

T\nZ[fl}} 



-2tt 



2nR 2 on 

CR - CL T 2 + k R (^Y 



24 



\2nJ 



(3.12) 



[F R ^ fx R ,F L ^ fi L , Pl (JR) ^ —T 



= (V) 

VoV ' 

Hence, $anom can be obtained from the anomaly polynomial V an om via a simple substitution rule 
as advertised - in fact, this justifies the subscript 'anom' in ^ nom . 

Note that since this result essentially follows from assuming Cardy-like growth, we have calcu- 
lated the thermal helicity of a very diverse variety of 2d CFTs and have linked it to their anomaly 
polynomial. This generalises to a wide class of theories the replacement rule found by authors of 



Given the various examples of AdSs/CFT2 along with the well-known statement that BTZ 
thermodynamics is almost always captured by Cardy formula, it follows that the formulae of this 



'Equivalently we can directly take the following expression from |37 



cl _ k L u 2 
24t r 



- 2m 



cr _ k R i> 2 
24f f 



(3.10) 



which is valid in the Cardy regime. 

4 One of the systems studied in jij was a free theory of 2d Weyl fermions with various charges under Fl = Fr = F 
which result in anomaly coefficients 



9 ^""1 Xd = 2 



and 



cr-c l = 7 j Xd=2 

species 



where Xd=2 ' s * ne 2d-chirality. We will revisit this system and its higher dimensional counterparts in section [JiJ 
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section are valid for all the strongly coupled theories dual to AdS3 provided they obey Cardy 
formula. 



Our essential aim in this article is to generalise this exercise to various higher dimensional 
examples. Before we proceed to do that, let us make a useful observation - using the fact that the 
Cardy pressure (i.e., pressure of the thermal CFT in the Cardy limit) is given by 



p sa 2ir 



cr + c L 2 



\2n 



(3.13) 



the Cardy approximation can be phrased as 



]nZ[Q] 
S 

(Ql) 
(Qr) 
(H) 
(L) 



1 


h 


V s i 


2irR 2 n 


f 




-R 2 n 2 


"anom y _ j£2Q2 


dp 




V 5 i 


dr anom 2ttR 2 Q 


dTl- 


- R 2 n 2 


dT 1 - R 2 fl 2 


dp 


V s i 




dfi 


L 1 


~R 2 n 2 


dp L i-R 2 n 2 


dp 







3hr i-R 2 n 2 

V s i 



dfiR 1 



= P 



= P 



i - R 2 n 2 
i - R 2 n 2 



1 - R 2 Q 2 

2R 2 n 



1 



R 2 n 2 

U anon 



1 - R 2 Q 2 



i - r 2 q 2 
+ R 2 n 



i - r 2 q 2 



2nR 2 n 

i - R 2 n 2 

2-kR 2 VL 

i - R 2 n 2 



(3.14) 



where p is the Cardy-pressure given by ( 3.13 ) and ^ inom is related to the thermal helicity on one 
hand and the anomaly polynomial on the other hand via 



= V a 



t [F R ^ /i_R, Fl ^ hl^QR) ^ -T 2 } = 



(3.15) 



The significance of these forms is that these can be readily generalised to higher dimensions as we 
will argue in the next section. 

In particular, in the subsequent sections we would like to argue that the partition function of 
higher dimensional CFTs with the space time dimensions d — 2n takes the form 



\nZ[Sl] 



T 



V, 



+ 



inua-jpng) 

u 2nR 2 n b 

6=1 b 



(3.16) 



where p is again the pressure and 5^ nom is a quantity related to the thermal helicity on one hand 
and the anomaly polynomial on the other hand. 
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Other thermodynamic quantites follow from this partition function 

dp \/ S 2n.-l 



(La) 



arniUCi-iPn? 



8T 



2nR 2 il b 



(Q) = 



dp 



6=1 



6=1 



(9/t 

V S 2„ 



P 



nzua- 

_ ^ 

U anon 

V S 2 



El 

a=l 
2 



- 1 



R 2 n 2 



6=1 



nLi(i-^i 

ft- 1 

ft' 



2R 2 n a 



1 - i? 2 ft 2 



1 - R 2 il 2 



6=1 



2TrR 2 n b 



-R 2 n 2 



(3.17) 



4. Thermal Helicity and Hydrodynamics 

In higher dimensions, we do not have powerful tools like modular invariance. Hence, the reader 
might wonder what we could possibly be said about the sphere partition functions / thermal helicity 
of generic theories in higher dimensions. We will tackle this question in this section before turning 
to some simple examples in the rest of the paper. 

Our quest is to approximate sphere partition functions in the limit where the radius of the 
sphere R is large and the angular velocities f2 (which are chemical potential for angular momenta) 
are small. In particular, our approximation should capture the term which encodes the information 
about the helicity of the flat space thermal vacuum. 

We will do this via a hydrodynamic approximation |3^, E7j - to this end let us begin by 
rewriting the sphere partition function as 



Z[Q] = Tr S 2„-.i xR Exp 

"(u"P M + /lQ) 



(H-fiQ-j: n a=i naL a ) 



T 



with 



Tr Exp 



T 



(4.1) 



T = 7 T 



l d» = 7 



(4.2) 



7 



This way of writing makes clear that the partition function with fis turned on is just a 'locally- 
boosted' version of the usual partition function where the local-boost is given by u M , the local 
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temperature by T and the local chemical potential by fi. The hydrodynamic approximation consists 
of writing 



In Z[fl] 



In Z Hydro [u>*,f,£i] = 



1 

— ( 



(4.3) 



where is the Gibbs free-energy current in hydrodynamics whose t-component is just the Gibbs 
free-energy density. In d — 2, we have 



In Z[tt] w lnZ Hyd . 

(H)=- I 
Js 1 



rpt 

± t ) 



(0)= / 



5 



/si T 

/ (Js)' 



(4.4) 



with 



dfi dp, 
dp a dff 
(9f" <9T 



anom yot 
•m ya 



(4.5) 



where p is the local pressure and V a is the Hodge-dual 5 of u a ( we will denote Hodge-duals by an 
overbar henceforth). 

These expressions make it clear that Cardy approximation can be thought of in hydrodynamic 
terms. A more general lesson is that when the sphere is large, the sphere partition function is 
essentially dominated by a rotating fluid configuration. In the rest of this section, we will use this 
to actually derive the thermal helicity in higher dimensions in terms of hydrodynamic coefficients 
of the system. 

We are interested in fluids living on a sphere 5 2n_1 . We consider a rigidly rotating velocity 
configuration for the fluid on the sphere 



u"0„ = 7 
u = u^dx^ = 7 

1 = (i-v 2 y 1/2 



o=l 

n 

dt + J2 r 2 a n a d<f> a 

L 

n 



o=l 



(4.6) 



a=l 



5 Thus, V is given by 



V = Vy.dx' 1 = u = e^u^dx" = ~/R [d<f> - Qdt] 



V a d a 



V s i 



1 d 



d 



dt R 2 Cl dip 
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which is a flow with zero shear and zero expansion. The acceleration and vorticity are given by 

n 

a = -7^7 = -^(7^ a ) 2 r a dr a 
0=1 

= -£ 7 2 (0 2 -fi2) r . dr . (47) 
i=i 

n n 

lo = j~ 1 dj Au + ^ 7^ a r a dr a A d<p a = 7^a r a dr a A [dcj) a + jfl a u] 

a—l a—1 

which satisfy du — 2lo + a A u. Further, in d — 2n spacetime dimensions, let us define a 2n — 1 form 
V = (2uj) n ^ 1 A u. This is the Hodge-dual of a 1-form which can be calculated as 



V»d u 



nLi( 2 ^ 2 7»A 

V2n-1 



" 1 



0=1 



(4.8) 



It is easily checked that u^V^ = 0. 

Following p3| , we write the Gibbs free energy current in hydrodynamics in the form 



~pu 



,v a + ■ ■ 



(4.9) 



where we have kept the leading order parity odd and parity even pieces. 

The coefficient ^ nom is often termed the chiral vortical coefficient and is well-studied in the 
context of hydrodynamics with anomalies. We will refer the reader to the references given in 
the introduction for various results concerning this coefficient. For our present purposes, we will 
only need the following statements : first of all, using general thermodynamic arguments, one can 
show[p3| |3l[ that the coefficient $£„ om is a homogenous (n + l)th degree polynomial in temperature 
and chemical potential. Further, the authors of j9| conjectured that the coefficients appearing in 
this polynomial are in fact anomaly coefficients of the underlying theory, the precise relation being 



given by a replacement rule of the form(1.5). 

We are now ready to compute the sphere partition function by integrating the zeroeth compo- 
nent of Gibbs current over the sphere. This integral can essentially be performed by reducing it to 
an integral of r ) 2n over the sphere and then using the formulapSI, Bo| 



V.c 



2n n R 2n- 



7 



S 2 " 



IE=i(i 



(n-l)!nLi(l-#^D 



This gives the S^nom contribution to the sphere partition function as 



(lnZ[n] 



1 
T 



2nR 2 n h 



b=l 



(4.10) 



(4-11) 



where {T, /z} are the global temperature and chemical potential respectively. Further, if the theory 
under question is a CFT, then the pressure contribution can also be integrated to give the expressions 
in ( p. 16 ). We can now compute the thermal helicity by differentiating the above contribution with 
respect to fis, setting Sis to zero and then taking the flat space limit. This leads to the result 

u anom n no 111 

thus identifying the function appearing in thermal helicity with the chiral vortical coefficient. Note 
that there are no further contributions to the thermal helicity from the higher derivative contri- 
butions in hydrodynamics since all such contributions either come with more factors of S7 or with 
further factors of 1/R and all such contributions vanish after we take the flat space limit. 
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We are essentially done - this relation between thermal helicity and chiral vortical coefficient 
means that we can directly translate the entire theory of chiral vortical coefficient in the hydrody- 
namics literature to a theory of thermal helicity. In particular, this leads to the surprising assertion 
: thermal helicity is forced to always be a polynomial in temperature and chemical potential. Fur- 
ther, if the conjecture made by authors of is correct, then the coefficients appearing in thermal 
helicity are directly related to the anomaly coefficients. In the rest of the paper, we will use this 
relation between thermal helicity and chiral vortical coefficient to test this conjecture against free 
chiral theories in various dimensions. 



5. Chiral fermion on S 2n 1 x R 



In this section, we are interested in computing the thermal helicity of free fermion theories. Since 
the thermal vacuum of free Dirac fermions is invariant under parity we can focus on just free chiral 
fermions. 

As we had argued in the previous sections, the calculation of thermal helicity is same as the 
calculation of the transport coefficient i?Q„ om which for free chiral theories was computed in via 
adiabaticity arguments. According to the authors of , in d — 2n spacetime dimensions 



(5 



anom J d—2r, 



-2vr X d=2 



species 



sin§T' 



•e2 



(5.1) 



where the subscript r n+1 denotes that one needs to Taylor-expand the expression in brackets near 
t = and take the coefficient of t™ +1 . Every particle/anti-particle pair of Weyl fermions contribute 
a single term in the above sum where {x d =2n> ?} are the chirality and charge of the corresponding 
particle. 

There are two remarks about eqn. fTl] ) made in @ that we will need in the following. The first 
is that eqn. (5.1) can be simply obtained from the anomaly polynomial of the given free fermion 
theory via the substitution rule in eqn.(T5). The second useful result from (9| is that one can split 
the particle and the anti-particle contributions in eqn^f^l) to write 

n-i 



(3 



anomld=2n 



Xd = 2 



dEr> ( E< t 



(n - l)\ J a 2tt \2tt 



In 



1 



particles 

where each particle/anti-particle pair contributes two terms in the sum above. 



(5.2) 



(0), 



The thermal helicity of a free fermion theory can be now computed by substituting (5.2) into 



V012„-1 



particles 



Y T 

Xd=2~ Z 



dE p ( E p \ 
2^/3 \2~^3J 



In 



(5.3) 



The aim of this section is to give a microscopic derivation of this formula by a direct computation 
of the sphere partition function. Equivalently we want to give a direct microsocopic proof of the 
results of [0] . We are interested in computing 



Z — Tr exp 



6 It is easily checked that the expression does not change if we switch particle with the anti-particle : this corre- 
sponds to 

X i=2n »->- (- 1 ) n+1 X d=2n > 9^-9 
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We will do this in the free chiral theories by using state-operator correspondence |4lj and counting 
operators instead. 

The essential idea is to count the operators modulo those that vanish because of equations 
of motion. For free theories it is convenient to first calculate the contribution in the single parti- 
cle sector and then 'multi-particle' it using Fermi-Dirac(or Bose-Einstein) distribution. This last 
operation is often also termed plethystic exponentiation. 

Let us begin by introducing the notation 

x = e- R ~ lf) , y = e^ and z t = = X - Rn > (5.4) 

We want to first differentiate with respect to fi,, then set it to zero followed by taking R — > oo 
limit. In terms of the variables {x,y, Zi}, this translates to differentiating first with respect to Z{ 
then set Zi — > 1 followed by the limit a? — ^ 1. 

We begin by enumerating the letter partition functions for elementary letters and the equation 
of motion for a single species of chiral fermion in the table §[l| In this table {x d =2 n > l} denote 



Letter 


-^Letter 


Letter 


-^Letter 




XZi 


dtp 


y-*x^r(_ 1)nx ^Jz) 


Bi 


xz' 1 


dtp 


yix n+ irl Xd (z) 


V> 


y-* X n-ir(_ 1)n+ ^Jz) 








y"x n -iT^ =2n (z) 







Table 1: Letter Partition functions for elementary letters and eqns. of motion : Weyl fermion in d — 2n 
spacetime dimensions. 

the chirality and charge of the particle respectively while the symbols T±(z) denote the so(2n) 
characters of the chiral and the anti-chiral fermions. 

In the table above we have used the fact that the complex conjugate of a chiral fermion in 2n 
dimensions is chiral if n is odd and antichiral if n is even. Further acting by a vector (in this case 
the derivative operator) flips the chirality of a Weyl spinor. 

The single particle partition function follows by looking at words formed by acting an arbitrary 
number of derivatives on the letters ip 7 tp and then subtracting out the words formed by the equation 
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of motion 



rl-particlc 



= E 



V x 



ix n -2T* (z)+y- q x n - 



FT 



(-i) T 



(z) 



nr=i(i-^)(i-f) 

y i x n+hr F _ Xd=2n (z) + y-"x n +iT(_ 1)nx (z) 



E v Qxn ~ 

particles 

1 



nr=i(i-^)(i-f) 



X d=2n *d=2n 

nr=i(i-^)(i-f) 



(5.6) 



2*-*(l-*)Il7i 



(1 — xzi)(l — — ) ^ y 

1 v vv z. ; particles 



+ 



-x n -t(l + x)f\ ^ ^ V 

f u + 11 (1 _ xz . ){1 _ ^ \ •' 



particles 



Before proceeding note that the single particle partition function naturally splits into two parts - as 
is easily checked the term proportional to X) pa rticics V q IS na ^ tne contribution coming from a Dirac 
fcrmion. The presence of the second term makes it clear that the free energy of the ideal Weyl gas 
is not just half the free-energy of the ideal Dirac gas as one might have naively expected. This fact 
(which is equivalent to the statement that the Weyl path-integral is not the square-root of Dirac 
path-integral) is closely related to the underlying anomalies in the theory with just a single species 
of Weyl fermion. The effect of these anomalies at the level of free-energy is captured by the extra 
contribution proportional to Eparticics X d=2n V q ■ 

The sphere partition function of a free Weyl gas is now given by multi-particling the above 
single particle partition function fermionically 



In Z[Sl] = £ ( -^—Z 1 F ^ ticlc ( X 3,y>, ( Zi y) 



(5.7) 



and we are interested in calculating the thermal helicity via 

-(-C12-C34 • • • £2 n— 3.2n— n — 1/ 



Vol 



2n-l 



= lim 



This evaluates to 
1 



Vol 



2n-l 



_R->oo i?V2n-l 



-(£l2£,34 • • • -C2n-3,2n-2'P2n-l) 



n 

\a=l 



d 



(5i 



0=0 



E E Xd=2 .i 

particles j—1 



n-1 



(-y q y 



lim 



x^ n -^(l + x j ) 



(5.9) 



particles 



(n-l)l ^ (-y^ 
= 2 " 2n n f3 2n ^ j n+1 



3=1 
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where we have used x ~ 1 — R 1 /3 for large R. The infinite sum over j can be converted into an 
integral 



Vol 



2n-l 



n— 3,2n— 



particles 

E 9 n-1 / °° / Bp 

Ad=2n Z 

particles 



(5.10) 



2tt/3 V2tt/3 



n-1 



In 



1 + e" 



-P(E p -qp) 



which is the result we wanted to prove. This completes the direct microscopic derivation of the 
results of M. 

6. Chiral Boson on S* 2 ™ -1 x R (with n odd) 

In this section, we will compute the thermal helicity of a free theory of chiral bosons (i.e., abelian 
self-dual or anti-self dual forms) . Since chiral bosons exist only when n is odd (where * 2 = 
— (— l)P( d ~P) = 1 acting on p = n- forms in d = 2n spacetime dimensions), we will assume n to be 
odd in the rest of this section. Since these bosons are their own anti-particles we will not distinguish 
between a sum over species vs. sum over particles. 

Before proceeding to the calculation, let us try to see what the answer should be if the substi- 



tution rule (1.5) holds for chiral bosons. The anomaly polynomial of chiral bosons is given in terms 
of the Hirzebruch genus (or L-genus) as we review in the appendix |b] on anomaly polynomials. 
Applying the substitution rule on this anomaly polynomial we get 



w anom ) d— 2 n 



2tt 



particles 



tT 



tan tT 



~\n— 1 



-T 



f X d= 2r. 

L> (n-1)! 

particles 



2tt V 2tt ' 



(6.1) 



where the subscript r n+1 denotes that one has to pick the coefficient of t™ +1 in the Taylor expansion 
in r. In the second line we have rewritten the expected answer in terms of a Bose-Einstein integral 
using identities derived in appendix |A|. 

This is equivalent to the statement that the thermal helicity of a theory of chiral bosons is given 

by 



Vol 2 



-(£i 2 £ 



34 • • 



V2n- 



(6.2) 



particles 



Our aim is to derive this formula using sphere partition function. As before, let x = e R & and 
Zi = eP Ui = x~ Rfli . We are interested in computing 



Z = Tr exp 



-P ( h - 



i=l 



for chiral bosons in 2n spacetime dimensions. 

The trace can again be performed by using state-operator correspondence [ fll| and counting 
operators instead. The relevant letter partition functions for elementary letters and the equation 
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Letter 


-^Letter 


ft 

ft 

F = ±*F 


xz~ l 

'I 


d k F 


x n + k T^ +k (z) = x n + k r^_ k (z) 



Table 2: Letter Partition functions for elementary letters and eqns. of motion : Chiral p- forms in d = 2n 
spacetime dimensions (with n odd). 



of motion are given in table §| In the table, Tf (z) are the so(2n) characters of the /c-forms for 
k 7^ n. Note that Hodge duality implies that the character of fc-form is equal to the character of 
n — k form. 

T^ ± (z) are the so(2n) characters of the chiral and antichiral n-forms respectively. All these char- 
acters are completely determined by their dominant weights. For k-forms, the dominant weights 
are given by 

(Ai, A 2 , . . . , A„) fc = (1,1,..., (XjV^ ) 

k times (n-k) times 

For chiral and antichiral n-forms, the dominant weights are 

(A 1 ,A 2 ,...,A„)„ ± = ( 1,1,... ,±1) 

(n-1) times 

The corresponding characters are given by the Weyl character formula for so(2n) 

\ z \i+n-i , z ~(M+n—i) I , \\i+n-i ^-(Xi+n-i) i 
nr-B I j 3 ' ' 3 3 



\ 3 q~ i + zj^\ 



where \Aij\ denotes the determinant of the matrix formed with numbers Ay in its position 
The second term in the numerator vanishes for all fc-forms with k ^ n. For the n-forms we have 



l^ +n - i -«j (A4+n - <) l 

\^ + zJ^ l) \ 



n± 



i=r , +=; < ""'i 



i=i 



It is sometimes more convenient to work with the following generating function for the characters 
of the fc-form representations. 



f[(i + tz i )(i + tz. 1 ) = ^r 1 j 



i=i 



3=0 



t" 



k=l 



(6.3) 



n 

i=l 



T* (*)-Tf_(*) 
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These two formulae are sufficient to derive all the characters that we need. 

The single particle partition function follows by looking at words formed by acting an arbitrary 
number of derivatives on the letter F and then subtracting out the words formed by the equation 
of motion. For the chiral bosons the equations of motion are dF = 0, but all these equations are 
not independent. They obey a constraint d 2 F = and these constraints are further constrained by 
d 3 F = and so on. So, the final letter partition function can be written in terms of an alternating 
sum 



7-l-particle 
J B 



E 

particles 



x 1 ™.x d=2r , 



(z) - x n+x T^_ 1 {z) + x n+2 rz_ 2 (z) ... + (-l) n x 2n T B (z) 



nr=i(i-^)a-^i ) 

Y —a — r- x f -^n+(z) + -T? (z) + y (-x) fe Tf k (z)\ 

1 x n \ -> B B 

i ( 1 — xzi ( 1 — xza ~r, 

111=1 V %)\ z particles 



E tt« (i 

rticles l«=lv 



particles 

l 

+ 2 



xz i ){l-xz i ) 



iTl(z)+^(-x) fe T r f_ fc (z)) 

k=l I 



particles 



y (i-^)(i -xz- 1 ) 



(6.4) 



Compare this expression with the conformal character of the corresponding short representation 
given by putting I = 1 in equation(3.26) of p2|. Like the computation in the previous section, the 
single particle partition function splits into a (parity even) non-chiral part and a (parity odd) chiral 
part. 

The sphere partition function of a free chiral boson gas is now given by bosonically multi- 
particling this single particle partition function 



CO 

in z[n} = J2"z B ^ i ^,^,(z i y) 

3 = 1 3 

and we are interested in calculating the thermal helicity via 

i 



(6.5) 



Vol 2n _ 



-(£l2<£34 ■ ■ • -C2n-3,2n-2'P2ri-l) 



rpn 
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-R->oo itV2n-l 
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]nZ[tl] 



(6.6) 



0=0 



This evaluates to 



Vol 2 



-\Xll2-C34 • ■ • -C2n-3,2n-2'P2n-l) 
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particles j=l 
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lim — , 

fl^oo RV 2n -l (1-X3) 



particles 

which is the result we wanted to prove 



4", d=2n Jo 2^/3 \2nf3) 1 



2)i 
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(6.7) 
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Note that this section along with the previous section prove our statements about thermal helic- 
ity for arbitrary even dimensional free theories. We find that the thermal hclicity gets contributions 
only from chiral fields and that this contribution is a polynomial in T and [L with coefficients drawn 
from the anomaly polynomial of the theory. This is in accordance with the conjecture (1.5) made 
in B and is consistent with the recent proof of this conjecture in d — 2 and d — 4 by the authors 
of §3|. 



7. Chiral gravitino on S 2n 1 x R 

In this section we will begin by extending our sphere partition function calculations to the case of 



Chiral gravitino. In doing so, we will find that it violates the relation (1.5). We will then give an 
alternate derivation of the same result using the adiabaticity methods introduced in Q . 

We will begin by computing the letter partition functions for elementary letters and the equation 
of motion. The Weyl gravitino is represented by a spin-| Rarita-Schwinger field tp^ which is a Weyl 
spinor valued 1-form with dimension n—^. But, ipf* itself is not gauge-invariant, rather it transforms 
as ip^ i— > + dfj.$ where $ is a Weyl spinor field. Since we are interested in counting only the 
gauge-invariant operators we will begin by defining 

EE d^,, - <9„W 

which is a gauge invariant Weyl spinor-valued 2-form . 

From its definition, it is clear that ^ M „ obeys a hierarchy of equations of the type 

d k ^ = 8? * i=0 

very similar to the form fields of the last section. In addition, there is the equation of motion which 
is just the Rarita-Schwinger equation 

r^ A *„ A = 

The Rarita Schwinger equations are all not independent though - they in turn obey T^ uX d^ v \ = 0. 
We enumerate the letter partition functions associated with all these gauge-invariant operators in 
table §| 

The notations are as before : x ee e~ R y ee e^, Z{ ee and q is the charge of the 

gravitino. Y±(z),Yj? (z) are the so(2n) characters of the chiral/anti-chiral fermions and fc-form 
respectively. They are given by 



T|(2) 



,i=l v v '/ i—i 



1 

2 

2n n 
j=0 i=l 



. Zi- 

Zi J . . \ \ Zi 



(7.1) 



Further we have used the fact that the complex conjugate of a chiral fermion in 2n dimensions is 
chiral if n is odd and antichiral if n is even. Acting by a odd number of gamma matrices flips the 
chirality of a Weyl spinor. 

The single particle partition function follows by looking at words formed by acting an arbitrary 
number of derivatives on the letter ^ and then subtracting out the words formed by the equation 
of motion. They obey = 0, but all these equations are not independent : there is a constraint 
d 2 ^> = and these constraints are further constrained by d 3 ^ — and so on. So, the final letter 
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Letter 
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Letter 


-^Letter 


d l 










x n+i y q T F (z)?*(z) 

*-d=2n 
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^^-Tf_ 1)n+1 ^ 2n (,)Tf(,) 




x n-i + k yqT F^J z)T B {z) 
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,«+^-«Tf_ 1) „ Xfc2 Jz)Tf(z) 




x n +iyiT F v (z) 




^l y -Tf_ 1)nx _(,) 



Table 3: Letter Partition functions for elementary letters and eqns. of motion : Chiral gravitino in d — 2n 
spacetime dimensions. 



partition function can be written in terms of an alternating sum 



Z l-particlc = y- f qT F + -q^F 
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X 



(-l) n+1 X <J= 2„ / 

I [x 2 Yf (z) - x 3 Tf (z) + . . . + x 2 "T 2 B w (z) 



Tf(z) 



nr=i(i-^)(i-^ rl ) 
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J rt.ra* 



V „_| 9rF [x 2 Tf(z)-^ T f(z) + ... + x 2 »Tf ra (z)] 
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??{z)-x 



particles 



'■^(l-xz^l-xz^) 



where the first line counts the operators formed by acting derivatives on ^ (and # ) mindful of 
the fact that <i fc \E r = and the second line subtracts the operators that are zero because of Rarita 
Schwinger equation. Now we use 



n 

.x 2 Tf (z) x 3 ri(z) + ... + x 2n T* n (z) = x Zl )(l xz- 1 ) [1 - xtf (z)] 

i=l 
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to write 



rl-particle 



E s-Vt*. 
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E 

particles 

- E 
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n 
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particles 



(l + x) [iTf 0) - (l-x + x 

1+ reua-^a-^r 1 ) 



(7.3) 



where Tf (z) = X)"=i ( z * + z i rl ) ^ s the so (^ n ) character of a vector representation. Note that the 
j7i-particie decomposes into a parity-even non-chiral part and a parity odd chiral-part as in the the 
case of chiral fermions/chiral forms in previous sections. 

We will now multi-particle the above single particle partition function fermionically 



In Z[0]=£ 



i-iy- 1 ?1 . pa 



•tide , 



x 3 ,y 3 , (zi) 3 ) 
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and the corresponding thermal helicity is 
1 



Vol 2n . 



00 

= - E E^ni"" 1 ^ 
particles J — 1 

(1 + x-?) [2nx- + : 
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1 iajj(n-i) 



- V (2n-l)v iH^Hf 

V x Md=2n 27T n /3 2n ^ 7* n+1 

particles j— 1 
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where we have used x ~ 1 — R 1 /3 for large R. The infinite sum over j can be converted into a 
Fcrmi-Dirac integral 



Vol, 



-(£l2£34 ... £2 n— 3,2n— 



n-1 



(7.6) 



X; X d=2 „(2n-l)2"- 1 

particles 



2^/3 V2tt^ 



In 



1 + e" 



-0(E p -qu.) 



Thus we arrive at the result that the thermal helicity of a Weyl gravitino is (2n — 1) times the 
thermal helicity of a Weyl fermion with the same charge and chirality. This result directly violates 
the rule (1.6) since the anomaly polynomial of a Weyl gravitino is not proportional to that of a 
Weyl fermion. 

Let us now give an alternate (and a quicker) derivation of this result for gravitino using the 
microscopic adiabaticity arguments of . The essential idea behind [^) was to find a chiral spectral 
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current that obeys a kind of Liouville theorem (which is crucial for second law of thermodynamics 
to hold) . Authors of || concluded that for a fermion the only combination of magentic field B and 
vorticity w that can appear in the chiral density of states that is consistent with this adiabaticity 
argument is of the form 



V 2tt 

where the prefactor is completely determined by the pure U(l) n+ anomaly contribution of that 
fermion. Note that this argument does not rely on the spin of the particle under the question 
(except for the assumption that it is a massless chiral fermion ) and hence applies equally well to 
the case of chiral gravitino. 

The next step in the argument is to realise that in d — In spacetime dimensions the pure 
U(l) n+1 anomaly contribution of a charged chiral gravitino is (2n— l)times that of a spin-i particle 
of same charge and chirality. This along with the adiabaticity constraint derived by |j| implies that 
all the chiral parts of thermodynamic quantities for a charged chiral gravitino are (2n — l)times that 
of a spin-i particle of same charge and chirality. This extends to the transport coefficient danom 
and hence to thermal helicity. This gives an alternate derivation for the result that we obtained 
above by an explicit counting of states. 

8. Conclusion 

In this paper, we have studied various interesting properties of a thermal observeable called the 
thermal helicity. It is defined as the following thermal expectation value < £i2£34-"-£d-3,d-27''d-i > 
where £y denote the angular momenta, and Vi denotes the spatial momentum in d spacetime 
dimensions with d even. 

Using a variety of arguments, we have shown that the polynomial structure of anomalous 
transport coefficients discovered in [^3], |3lJ has a surprising implication for the thermal helicity : 
thermal helicity per unit volume is essentially forced to be a homogeneous polynomial in T and u. 
Further, say we assume the conjecture by the authors of |9) relating this polynomial structure to 
the corresponding anomaly polynomial via a replacement rule 

r anom [T, fj] = V anom [F i ^ M, Pl ($H) -> -T\ Pk>1 (m) -> 0] (8.1) 

Then it follows that the coefficients appearing in the thermal helicity also follow a replacement rule 



given by (1.6). By an explicit computation of the sphere partition function and hence the thermal 
helicity, we have proved that this conjecture is indeed true in an arbitrary free theory with chiral 
fermions and chiral p-form fields. This statement combined with various AdS/CFT results lead us 
to expect that this rule should be true in general. 

Surprisingly, however, by directly computing the thermal helicity, we have shown that a theory 
of chiral gravitini violates this replacement rule. This suggests that any general proof of this rule 
should incorporate the assumption that there are no massless higher spin modes in the theory 
under consideration. It would be interesting to examine in detail how the recent proof|}3) of the 
replacement rule in d — 2 and d — 4 spacetime dimensions allows for such an exception. 

In d = 2, since the replacement rule follows from Cardy formula, the violation of the replacement 
rule is intimately linked with the violation of the Cardy formula by the theory of free chiral gravitino. 
This suggests that what is at play is some deeper principle like modular invariance and it would be 
interesting to know whether this statement can be made more precise. This is especially intriguing 
since higher dimensional analogues of modular invariance are ill-understood and it is worth exploring 
whether the deficit in thermal helicity is a useful probe for failure of modular invariance. 
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In the context of AdS/CFT, we have already remarked on the fact that all the existing compu- 
tations of the chiral vortical coefficient in AdS3 and AdSs can be reformulated as a computation of 
thermal helicity. In fact, thermal helicity can be computed more directly from the thermodynamics 
of AdS Kerr Blackholes in the presence of various Chern-Simons terms 7 . It would be interesting 
to see whether this fact can be used to give a general proof that thermal helicity always obeys the 



replacement rule (1.6) 



Finally as we have emphasised in the introduction, one would hope that the results of this paper 
serve as a starting point for generalising the analysis of anomalies to non-equilibrium phenomena. 
Can one study how thermal helicity behaves away from equilibrium ? Are there universal non- 
equibrium statements that can be made about thermal helicity by linking it with anomalies ? We 
leave such questions to future work. 
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APPENDICES 



A. Notes on Bose-Einstein and Ferm-Dirac moments 

Our objective in this appendix is to evaluate various moments associated with Bose-Einstein and 
Fermi-Dirac distributions. Our focus would be on those moments which evaluate to polynomials 
of temperature and chemical potential - these moments are relevant for anomaly-induced transport 
coefficients and to thermal helicity. This extends a corresponding dicussion in H for Fermi-Dirac 
moments. 

We begin with the Gibbs-free energy associated with a single-particle energy level of energy E p 
and charge q at a temperature T = 1//3 and chemical potential [i 



^-^[1-e-^]- 1 , < = -^ln 



(A.l) 



where the superscripts {B, F} refer to the statistics of the particle under question. We will only be 
interested in neutral bosonic states. 



7 See m Q for a discussion of how the Blackholc thermodyanmics gets modified in the presence of Chern-Simons 



terms. 
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The aim of this appendix is to prove the following identities 

jfc-l / T71 \ k-i 



00 dE p 2 k - 
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-2tt 



T rri 

2 J 



sin(fT) 



(A.2) 



where the subscript r fe+1 indicates the coefficient of r k+1 in the Taylor expansion in r. 

Via an integration by parts, these identities can be cast in terms of Bose-Einstein and Fermi- 
Dirac distributions defined by 



3 dE v 



1 



so that 



dE n 2 



fc-i 







2tt fc! 
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2tt ' 



1 
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d£L 1 / 2?. 



2tt k\ \ 2vr 
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T_rp 

2 ^ 



sin (f T) 
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To prove these identities it is useful to introduce the n th Bernoulli polynomial B n (x) - these 
are polynomials defined via the following generating function 



t e x 



_ B n {x) 



in terms of which the Taylor coefficients appearing above can be explicitly evaluated 

fc+i 



(A.5) 
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k+l 
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After rewriting in terms of Bernoulli polynomials, the expressions for Bose-Einstein integrals 
follow directly from the following integral representations for the Bernoulli numbers ( See for ex- 
ample formulae [24.7.2, 24.7.5 of the Digital Library of Mathematical Functions ) 



poo +2j-l 

= t^L 2 j{2j - 1) J™ t 2 'J- 2 In [1 - e- M ] 



(A.7) 



The identities we want to prove follows by taking t = (3E p and 2j = k + 1 with k odd. The Fermi- 
Dirac identities stated above were proved in || - their proof follows from writing the Fermi-Dirac 
integrals in terms of poly-logarithms and then using the following identity (which is a special case 
of the relation between poly- logarithms and Hurwitz zeta function [ 25.12.13 , [25.11.14 |) 



Li fc+1 (-e^) + (-l) fe+1 Li fe+1 (- e -"w) 
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fe+i 



2tti J 



(A.; 



(fc + 1)! 

This completes our proof. In the rest of this appendix we will write down the explicit forms of tch 
identities stated in eqns.(A.2) and (A.4). 
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The Bosonic integrals are 
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/o 2tt 5! 

Similarly, we can write the identities for the Ferm-Dirac integrals 
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B. Anomaly Polynomials 

One of the most elegant ways to encode the anomalies in a system is via the anomaly polynomial 
T'anom {F, UR) of gauge field strengths F and the spacetime curvature 9\ . Anomaly polynomials are 
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well-covered in various textbooks [J45[ |46|, |47| and lecture notes |48| |49[] . These references however 
employ different sign conventions and to avoid confusion we will spell out our sign conventions in 
this appendix. 

Given a quantum field theory exhibiting anomalies in d = 2n spacetime dimensions, one can 
always construct a non-anomalous theory in one dimension higher by coupling it to an appropriate 
Chern-Simons form i|n+i -"-1 f° rme d out of the connection 1-forms. 

If Wqft is the generating function for connected green functions for the field theory under 
question, there exists a I§n+i such that 



WQFT[dM2n+l] 



T cs 



(B.l) 



M-2 



is invariant under gauge and differomorphism transformations of 9A^2n+i • We define anomaly 
polynomial of this field theory to be the 2n + 2 form 



V anom (F,m) = dlg s +1 [A,T] 



(B.2) 



This then completely fixes the sign conventions for covariant and consistent currents/anomalies - we 
will refer the reader to [j33| for covariant and consistent currents/anomalies in this sign convention. 

We now proceed to present the explicit contibution from chiral matter to the anomaly poly- 
nomial. To this end, let us begin by defining various forms relevant for dealing with gravitational 
anomalies. Let 5H a & be the curvature 2-forms of the spacetime with 

5H ab = i R abcd dx c A dx d 

In d = 2n dimensions we can think of £H a fc as a real 2n x 2n antisymmetric matrix of 2-forms. At a 
give point in the manifold, we can diagonalise it with the diagonal entries being 2-forms 
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where Tj=i,,,. tn are real 2-forms. Polynomials in these 2-forms can be used to construct various 
other useful forms. The rest of this section basically consists of various such polynomials, relations 
between them and their generating functions etc. We start with the most basic form 



1 



..AfH at ai 



3 



so 9\k is a is a 2fc-form which is a fc'^-degree polynomial in the curvature 2-forms . As is evident 
from the expression above, it is non-zero only when k is even. 

The next form which is we will introduce is called the fc tft, -Pontryagin class denoted by p k (JH) 
which is 4fc-form using a specific 2fc-th degree polynomial in the curvature 2-forms. It is defined 
via the relation 
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This gives 



Ps(W) = " 



1 



(2tt)2 

1 
1 

(2^)6 



$H 2 



- ^ 2 ^ 4 + ^ 



(B.5) 



which can be inverted to get 
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We will express all the other polynomials in the basis of either JH^s or p k {%K). 

An object that plays an important role in the anomalies generated by Weyl fermions is the 
Dirac genus (or A- roof genus) Ak (£H) which is defined via 
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which gives 
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The /c t?i -Dirac genus A k (D\) is hence a 4fc-form using a specific 2/c-th degree polynomial in the 
curvature 2-forms. 

An object which plays a similar role in the anomalies generated by self-dual bosons is the 
Hirzcbruch genus (or L genus) L k (9\) which is defined via 
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which gives 
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In case of gravitino, we define 
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The anomaly polynomial for chiral gravitino is given by 
i(3/2) ($H ) = 2n-l 
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These expressions are to be understood as follows - when these forms say appear in the anomaly 
polynomial of a 4d-theory we need to put 2n = 4 and so on. 

The expressions above are valid in free-theories (and interacting theories which are continuously 
connected to free fixed points ). Another class of theories which we will be interested in are CFTs 
in d = 2n spacetime dimensions which are implicitly defined via AdS/CFT duality through a 
gravitational theory in 2n + 1 dimensions. In this case, we have 



W C FT[dM 2 n+l} = W Grav [M 2 n+l] 
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where according to the standard AdS/CFT dictionary, the sources in the CFT path integral are 
identified with the non-normalisable modes of the fields in the gravitational side. 

We will now sketch the derivation of the anomaly polynomial of the CFT from the dual gravi- 
tational theory. The anomalies of the CFT are reflected in the Chern-Simons term which appears 
in the gravitational action. Let us denote this term in the gravitational Lagrangian by C^g S ^ [A, f ] 
where {A, T} are the bulk fields whose normalisable modes are integrated over while performing 
the gravitational path-integral. This Chern-Simons term leads to boundary anomalies in the grav- 
itational path- integral, i.e., the gravitational path-integral transforms anomalously under variation 
of the non-normalisable modes. 

This boundary anomaly can be canceled by adding to the gravitational action a topological 
sector of non-dynamical bulk metric and gauge-fields with an action given by 

W Topo = -[ 41f S) [Ar] 

where the non-normalisable part of the non-dynamical fields {A, T} are taken to be identical to the 
non-normalisable part of the dynamical fields {A, T}. Thus we conclude that the functional 

W Grav [M 2n+ i\ - I £ { cs S) [A,r] = WcFT[dM 2n+ i] - I C { c S dS) [A,T} 



is invariant under boundary transformations. Comparing this functional against equations (B.l) 
and ( |B.2| ) , we conclude that the anomaly polynomial of the dual CFT is given by 

-PZl(F^) = -d£^ s dS) [A,r] (B.13) 

The anomaly polynomial for a bunch of free chiral p-forms/fermions/gravitini in a d = (2n — 
1) + 1 dimensional spacetime is given by 



{'Panom) ( ji=2n ~ ^ 7r 



l E X d=2n L(r9t)+ £ X d=2n A(rX) e^ F 

Chiral forms Weyl species 

(B.14) 

+ E X fc2 „ A (3/2) (t*) e^' 

Wcyl gravitino species 

where we have assumed that there is a single U(l) symmetry under which the charge of the of a 
particle is denoted by the letter q. 

The symbol x d=2 „ denotes chirality in d — In dimensions : our convention for chirality is as 
follows - given a particular irreducible chiral representation of Poincare group (definining a single 
particle) we can always choose a unique state in that representation with the spin along x 2k ^ 1 , x 2k 
plane being maximum/positive for k = 1, . . . , n — 1 (this is the highest weight state of the little 
group so(2n — 2)). We will define the chirality of a representation x d =2 n = +1 ^ the momentum 
along x 2n ~ 1 axis of this highest weight state is positive. And x d=2n = — 1 if the momentum along 
x 2 " -1 axis of this highest weight state is negative. Further the sum in the formula above is over 
the species which means that each particle/anti-particle pair contributes one term to the sum (the 
answer does not depend on whether we take the chirality /charge of a particle or the anti-particle ). 

In conformal field theories with sufficient supersymmetry, there is often a direct relation between 
the central charges appearing in the Weyl anomaly and the anomaly polynomial for the R-charge. 
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For example, we have 
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We now proceed to write down the explicit expressions for V a nom by using the formula above. 
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where we assume there is one U(l) symmetry under which in general both the Weyl fermions and 
Weyl gravitini are charged. The subscript {1/2,3/2} denote contributions from a Weyl fermion 
and a Weyl gravitino respectively (if the fermions are Weyl Majorana, the contributions have to 
be halved). The integer subscripts (■ ■ -) P denote contributions from chiral p- forms (with p+ 1-form 
field strengths) which are assumed to be neutral under the global symmetry U{1). 

We can compare these anomaly polynomials to the transport coefficient danom derived in the 
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